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ABSTRACT
We present nearly self-consistent stellar-halo models of Fornax dwarf spheroidal galaxy associated
with the Milky Way galaxy. Such satellites are dominated by dark matter and have almost no gas in
the system. Therefore, they are excellent objects for N-body modelling that takes into account visible
and dark matter halo components. We perform seven dynamical models in total based on two N-body
source code sets. Three of them are made by self-consistent realizations containing a spheroidal body
modeled by truncated King or Plummer models for stellar components and the lowered Evans dark halo
model. These components are given by the distribution functions which are the functions of energy E
and angular momentum Lz only. The others are made by the AGAMA code based on the calculation
of orbits. To guess the parameters which make the N-body models close to the visible object we use
hydrodynamic stellar-dark model of the Fornax galaxy taking into account the velocity anisotropy
parameter. The AGAMA models show the best agreement of the resulting velocity dispersion profiles
with the observed data.
Keywords: galaxies: dwarf spheroidals – galaxies: kinematics and dynamics – dark matter
1. INTRODUCTION
Dwarf spheroidal (dSph) galaxies associated with the
Milky Way (MW) and M31 galaxies are the best probes
for studying the properties of dark matter. This is be-
cause these galaxies are largely dark matter dominated
objects with dynamical mass-to-light ratios of 10 to
1000 Mateo (1998), Gilmore et al. (2007), McConnachie
(2012). Moreover, in the context of bottom-up forma-
tion scenarios based on Λ-cold dark matter (ΛCDM)
theory, these galaxies are the building blocks of more
massive galaxies, and thus studying their formation and
evolution is of importance in understanding galaxy for-
mation (e.g., Tolstoy et al. 2009).
The hypothesis on the existence of dark matter (DM)
was put forward by Zwicky (1933) for explaining the
Corresponding author: Galina Shchelkanova
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virial paradox in Coma cluster. Later Babcock (1939)
has found the growth of the rotation curve of M31 in its
outer parts and concluded on the need to invoke large
invisible mass in it. The hypothesis about DM was re-
vived by Einasto et al. (1974) and Ostriker et al. (1974)
in studies of the flat rotation curves of galaxies. The
flat rotation curves could be artificially constructed by
the surface density in the disk being inversely propor-
tional to the distance from the center, as established
by Mestel (1963), but the strongest arguments in favor
of the reality of DM come from the need to explain the
Large-scale structure formation given the small ampli-
tudes of perturbations in cosmic microwave background
radiation (CMB).
ΛCDM theory is a concordance model in modern cos-
mology that gives excellent description of the CMB (e.g.,
Planck Collaboration et al. 2014), large scale struc-
ture (e.g., Tegmark et al. 2004), and the accelerating
expansion of the Universe (e.g., Riess et al. 1998). On
the other hand, the observational studies on the galac-
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tic and sub-galactic scales have turned up several con-
troversial issues that continue to challenge the ΛCDM
paradigm. The core-cusp problem is one of the open
questions in ΛCDM picture: the cosmological ΛCDM-
based pure dark matter simulations predict that the
dark halos on all mass scales have cusped dark mat-
ter density profiles. On the other hand, studies of the
HI gas rotation curves of low surface brightness galax-
ies and the stellar kinematics of dwarf galaxies testify
in favour of shallower or cored density profiles of galax-
ies’ dark halos (e.g., de Blok et al. 2001; Gilmore et al.
2007).
Another way to explain the lack of visible matter
was proposed by Milgrom (1983) who hypothesized that
there was a characteristic acceleration below which New-
ton’s law of gravitation was invalid. This is one of
the varieties of Modified Gravity (MG) that was sub-
sequently developed, for example, by Bekenstein (2004)
and Bekenstein (2010) as the tensor-vector scalar the-
ory, or TeVeS. The variety of MG models have been de-
veloped by now (see Casas et al. 2017), but the ΛCDM
theory is still the leading paradigm of the modern cos-
mology because the MG is not able to explain the entire
set of observations for galaxies and their clusters as well
as the formation of the large-scale structure of the Uni-
verse.
The investigation of the Milky Way dSphs
was done by Lin & Faber (1983); Kleyna et al.
(2002); Tolstoy et al. (2004); Gilmore et al. (2007);
Pen˜arrubia et al. (2008); Strigari et al. (2008);
Walker et al. (2009); Salucci et al. (2012), and also
by Hayashi & Chiba (2012). We choose to extend the re-
search of the dSph galaxies performed by Hayashi et al.
(2016) and to trace the evolution of their models. The
main purpose of this paper is to check if there is a self-
consistent and stable N-body model of a dSph galaxy,
satisfying its observational data. We shall find the
set of parameters like visible and DM masses, char-
acteristic radii, the radial behavior of the DM profile
near the center and at the periphery that makes the
modeled dynamical characteristics satisfying the ob-
served ones, such as the velocity dispersion profile.
We will perform our investigations in the framework
of the standard CDM model. The construction of a
feasible evolutionary stable galaxy model is impor-
tant for finding constrains on possible DM candidates
as is shown by Gonza´lez-Morales et al. (2017) and
Safarzadeh & Spergel (2019).
The difference of our modeling from the approach
of Milosavljevic´ & Bromm (2014), Okayasu & Chiba
(2016) and Hayashi et al. (2017) is that we do not per-
form the cosmological simulations like Ishiyama et al.
Table 1. Observed parameters of the Fornax galaxy.
The central surface brightness (Σ0)
from Irwin & Hatzidimitriou (1995), the distance
to the Fornax galaxy (D) from Pietrzyn´ski et al.
(2009) and the structural parameters (rc and rt)
for the King formulas 1 from Battaglia et al. (2006):
Σ0
[
L⊙/pc
2
]
D [kpc] rc [
′] rt [
′]
15.7 ± 5.1 147 17.6± 0.2 69.1 ± 0.4
Half-light radius (rhalf) and luminous mass (M)
of the Fornax galaxy from McConnachie (2012):
rhalf [kpc] M [10
6M⊙]
0.668 20
(2013) or Ishiyama et al. (2016) but follow the numerical
evolution of the system alone starting from the model
approximately satisfying the observed galaxy parame-
ters.
To start our investigation we choose the Fornax dSph
galaxy. The crucial question for the standard CDM
model is the behavior of central profiles of the DM
haloes, the core-cusp problem. Among the dSph galax-
ies studied by Hayashi et al. (2016) we choose the most
“core-like” DM profile galaxy in order to test this profile
in zero-order approximation. This DM density profile
behaves like ρ ∝ rα, where α = −0.22+0.14−0.22. This value
of the α-parameter is the nearest to the zero (i.e. the
cored profile) among the set of galaxies considered by
Hayashi et al. (2016).
2. DENSITY MODELS AND PARAMETERS
For the density profile of the star component of the
galaxy we use spherically symmetric King (1962) and
axially symmetric Plummer (1911) profiles.
For the King profile we use the values of parameters rc
and rt taken from Battaglia et al. (2006) and formulas:
ρKing(r) =


ρb
(
1√
1+(r/rc)2
− 1√
1+(rt/rc)2
)2
, r ≤ rt;
0, r > rt,
(1)
where r is the spherical radial coordinate. In order to
calculate the density parameter ρb for the King distri-
bution we use formulas (A6) from Appendix A.1 tak-
ing into account the central surface brightness Σ0 from
Irwin & Hatzidimitriou (1995) (see table 1). The better
fits have been obtained with a slightly shifted value of
Σ0 inside the error bar (see table 2).
For the oblate Plummer profile we use the following
function ρPlummer(R, z) of the cylindrical coordinates as
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Table 2. Modeling parameters of the Fornax galaxy.
Different visible parameters, DM profile exponent
α, and the type of the modelling code: “N” – N-
body Kuijken & Dubinski (1995); “A” – orbit-based
AGAMA Vasiliev (2018). For the model Model 3
we have gotten the Plummer-like density profile for
the equatorial plane, it is the function of the com-
bined gravitational potential, which is axially sym-
metric, but the equipotentials are not ellipsoids.
Model
co
d
e α
st
el
la
r
p
ro
fi
le Σ0 rc rt[
L⊙/pc
2
]
[′] [′]
1 N 0.0
K
in
g 12.13 17.6 69.1
2 N −0.22
5 A 0.0 11.0 12.4 38.8
Mp bp q[
106M⊙
]
[kpc]
3 N −0.22
P
lu
m
m
er 20.0 0.668 -
4 A −0.22 30.3 0.668 0.66
6 A −0.22 20.0 0.668 0.66
7 A 0.0 20.0 0.668 0.7
in Hayashi et al. (2016):
 ρPlummer(R, z) = ρp(m⋆) =
3Mp
4πbp3
[
1 + m⋆
2
bp2
]−5/2
,
m⋆
2 = R2 + z
2
q2 ,
(2)
with half-light radius bp calculated by Walker et al.
(2010) as the half surface brightness of the King pro-
file. The same value for the Plummer profile was used
by Hayashi et al. (2016). As for the mass parameter for
the Plummer profile Mp we use the mass of the For-
nax galaxy from McConnachie (2012). These values
are listed in table 1. And the oblateness parameter q is
calculated from the apparent axial ratio q′ and galaxy
inclination i taken from Hayashi et al. (2016) (see ta-
ble 3) by the formula:
q =
√
q′2 − cos2 i/ sin i , (3)
with the parameters listed in the table 3. The density
profile of the DM halo was also taken from Hayashi et al.
(2016). It is a function ρ(R, z) of the cylindrical coordi-
nates with parameters also listed in table 3:
ρ(R, z) = ρ(m) =
ρ0
(
m
bhalo
)α [
1 +
(
m
bhalo
)2]−(α+3)/2
, m2 = R2+
z2
Q2
.
(4)
We also tried the parameters from (Hayashi & Chiba
2015) for the DM halo using the same formulas. The
Table 3. Hydrodynamical parameters.
Values from Hayashi et al. (2016) – (1)
and from Hayashi & Chiba (2015) – (2).
α log10 (ρ0) log10 (bhalo) Q[
M⊙/pc
3
]
[pc]
(1) −0.22+0.14−0.22 −1.07± 0.15 2.79
+0.16
−0.15 1.11
+0.66
−0.53
(2) 0.0−0.04 −1.06± 0.15 3.00
+0.01
−0.01 0.38± 0.03
Fornax galaxy inclination and apparent axial ratio:
i[deg] q′
(1) 71.85+11.56−15.34 0.7
(2) 90.0−10.6
difference is that those earlier parameters reflect the
oblate (Q < 1) and cored (α = 0.0) DM halo, while
the later parameters reflect the prolate (Q > 1) and
cusped (α < 0) DM halo.
Taking into account all these data and varying pa-
rameters we constructed seven models. The diversity of
parameters for the stellar component and two variants of
the exponent of the DM profile α are listed in the table 2.
The first three models are implemented by the N-body
mkkd95 code designed by Kuijken & Dubinski (1995)
and the last four ones by the orbit-based AGAMA code
(Vasiliev 2018), see table 2. For all these methods we
used G = 1 as the gravitational constant, 106M⊙ as the
mass unit, and 1 kpc as the unit of distance. Then for
the time unit we have:
[T ] =
kpc
3
2
(G× 106M⊙)
1
2
= 0.47 Gyr . (5)
The model 1 assumes an analytical simplification for
the DM density profile considering it as a cored profile
with α = 0. The visible density distribution for this
model follows the King density profile. The visible den-
sity for the model 2 also follows this profile, but it em-
ploys the shallow cusp DM profile with α = −0.22. The
model 3 relies on the same cusped DM profile, but uses
Plummer-like profile for the visible component of the
galaxy. The density functions depend on the combined
gravitational potential, so it is axially symmetric and
coincides with the Plummer analytical density profile at
the equatorial galaxy plane (z = 0), but the equidensity
surfaces are not ellipsoids.
All these three models do not take into account kine-
matic constraints for the visible part of the galaxy
obtained by Hayashi et al. (2016). The parameter
βz stands for such a constraint. This is a velocity
anisotropy parameter:
βz = 1− vz2/vR2 . (6)
For the Fornax galaxy − log10(1− βz) = 0.28+0.10−0.11.
4 G. Shchelkanova et al.
The AGAMA code has three different parameters to
constrain the velocity anisotropy in the solution: beta,
icbeta and ickappa. The beta parameter is the spher-
ical anisotropy index:
beta = 1− στ 2/(2 ∗ σr2) , (7)
where στ is the tangential velocity dispersion, στ
2 =
σφ
2 + σθ
2, and σr is dispersion of velocity along the
spherical radius. The icbeta is the same as βz, see
eq. (6). And setting
ickappa = 1.0 we get σφ = σR , (8)
where σR is the dispersion of velocity along the cylin-
drical radius.
The model 4 constructed by the AGAMA code as-
sumes the cusped DM profile and the Plummer visible
profile. It employs the parameter beta for the velocity
anisotropy. The model 5 assumes the visible King pro-
file and the cored DM profile. Its King profile differs
slightly from the observed one, but the model has the
best reproduction of the velocity dispersion profile (see
the Results section). The velocity anisotropy is also ex-
pressed by the beta parameter. The model 6 considers
the cusped DM profile and the visible Plummer profile
with icbeta and ickappa parameters for the kinematic
constrains. The model 7 takes the cored DM profile and
the visible Plummer profile with icbeta and ickappa
parameters.
3. STELLAR-HALO MODEL
N-body simulations are begun long ago,
see Klypin & Shandarin (1983). For constructing our
nearly self-consistent stars-halo model of a galaxy we
use two methods: the method by Kuijken & Dubinski
(1995) and the method by Vasiliev (2018). This is a
step forward after previous studies of this object based
on the more approximate Jeans equation approach. For
the evolution runs we use the code by Dehnen (2002)
named falcON.
3.1. N-body NEMO modelling
For the first three samples of our nearly self-
consistent stellar-halo modelling (Table 2), we use the
bulge and DM components of the NEMO code devel-
oped by Kuijken & Dubinski (1995). For the visible
component in this code the King-like bulge is used
that has the distribution function (DF) described in
(Kuijken & Dubinski 1995) by the equation:
fbulge(E) =

ρb(2piσb
2)−
3
2 e
Ψ0−Ψc
σb
2
(
e
−E−Ψc
σb
2 − 1
)
E < Ψc,
0 E ≥ Ψc,
(9)
and the density distribution in a potential Ψ described
by the equation:
ρbulge(Ψ) = ρb
[
e
Ψ0−Ψ
σb
2 erf
(√
Ψc −Ψ
σb
)
− 1√
pi
e
Ψ0−Ψ
σb
2
(
2
√
Ψc −Ψ
σb
+
4
3
(Ψc −Ψ)
3
2
σb3
)]
(10)
This bulge density distribution follows the equipotential
surfaces, so it is neither spherical nor ellipsoidal with
the given oblateness. It has three parameters: Ψc, ρb
and σb.
The DM component construction is based on the low-
ered Evans distribution Evans & Collett (1993) also de-
scribed in Kuijken & Dubinski (1995). The DF for DM
is described as
fhalo(E,Lz
2) =

[(
ALz
2 +B
)
e
− E
σ0
2 + C
] [
e
− E
σ0
2 − 1
]
E < 0,
0 E ≥ 0,
(11)
and the density profile is given by
ρhalo(R,Ψ) =
1
2
pi
3
2 σ0
3
(
AR2σ0
2 + 2B
)
erf
√−2Ψ
σ0
e
−2Ψ
σ0
+ (2pi)
3
2σ0
3
(
C −B −AR2σ02
)
erf
√−Ψ
σ0
e
−Ψ
σ0
2
+ pi
√
−2Ψ [σ02 (3Aσ02R2 + 2B − 4C)
+
4
3
Ψ
(
2C −Aσ02R2
)]
. (12)
Parameters A, B, C are expressed by the velocity and
density scales σ0 and ρ1, the halo core radiusRc, the flat-
tening parameter q as follows (see Kuijken & Dubinski
(1994)):
A = 8(1−q
2)Gρ1
2
√
πq2σ07
(13)
B = 4Rc
2Gρ1
2
√
πq2σ05
(14)
C = (2q
2−1)ρ1
(2π)
3
2 q2σ03
(15)
And the density scale ρ1 is replaced
by Kuijken & Dubinski (1995) by Ra:
Ra =
(
3
2piGρ1
) 1
2
σ0e
Ψ0
2σ0
2 (16)
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Figure 1. Initial bulge density distribution for model 1 and
different visible density profiles.
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For the DM NEMO model we need 5 parameters:
• q – q, axial ratio, an optional flattening parameter
for the potential ;
• psi0 – Ψ0, central potential;
• v0 – v0 =
√
2×σ0 where σ0 is the central velocity
dispersion;
• ra – Ra, the radius at which the halo rotation
curve, if continued at its r = 0 slope, would reach
the value
√
2σ0, a scaling radius for the halo;
• rck2 – rck2 = Rc
2
RK
2 a core smoothing parameter –
the ratio of the core radius (Rc) to the derived
King radius (RK). This is the radius at which
the gravitational potential has risen by about 2σ0
2
over its central value, provided that the potential
well depth is well above 2σ0
2.
For the bulge NEMO model which stands for our visible
part of the galaxy we need 3 parameters:
• rhob – ρb, central density;
• psicut – Ψc, bulge cut-off potential;
• sigb – σb, bulge central potential.
First we relied on the density distributions of the com-
ponents mentioned in the previous section (the density
distribution, eq. (1), for the visible part, and eq. (4) for
DM part of the galaxy) to calculate parameters v0, ra,
rck2, rhob, sigb. The physical meaning of these pa-
rameters is described above. With this approach we
failed to construct the NEMO-model by the mkkd95
code. The next idea was to fit the density distributions
(eqs. 10 and 12) directly to the density distributions
Figure 2. Initial halo density distribution for model 1
and Hayashi et al. (2016) DM density profile with α = 0.0.
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(eqs. 1 or 2 and 4). To do this, we need an initial guess
on the distribution of the potential based on our density
distributions. We have calculated the combined poten-
tial distribution Ψ(R, z = 0) in cylindrical coordinates
in the equatorial plane z = 0 (see the Appendix).
For our first model 1 we used the approximation
for Hayashi et al. (2016) DM model with α = 0.0. And
for stellar model we used the truncated King model with
the shifted central surface brightness parameter taken
from Irwin & Hatzidimitriou (1995). This shift inside
the error bar lets our King profile be closer to the Plum-
mer profile used by Hayashi et al. (2016).
For our second model 2 we used the exact parameter
α = −0.22 and the same King profile as for the first
one. And the third model 3 shows us the evolution of
the exact Hayashi et al. (2016) density profiles.
On the figures 1 and 2 we can see the NEMO
density functions fitted to the density profiles from
(Hayashi et al. 2016) (except α = 0.0) with the param-
eters from the first row of table 2 for model 1.
On the figure 1 the fitted function ρbulge(Ψ) from
eq. (10), depicted by the black line, coincides with the
data curve ρKing with Σ0 = 12.13 from eq. (1), depicted
by the blue dash-line. The blue dotted line represents
the King profile with the Irwin & Hatzidimitriou (1995)
central surface brightness. The red dash-line on the fig-
ure is the Plummer density profile (eq. 2) with the stel-
lar mass ∼ 20.0×106M⊙ from McConnachie (2012) and
Mp = 14.0 parameter. The red solid line is the same
Plummer density profile but with the Mp = 20.0 pa-
rameter as from Hayashi et al. (2016).
On the figure 2 the fitted function ρhalo(Ψ, R) from
eq. (12), depicted by the black line, lies somewhat higher
than the DM density profile ρ(m) from Hayashi et al.
(2016) with α = 0 (see eq. 4). This curve is depicted by
the blue dash-line.
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Table 4. Parameters for NEMO models.
NEMO parameters and violation of the virial theorem ∆:
Model rhob psicut sigb
1 40.39 −214.1 14.63
2 48.26 −219.2 16.00
3 20.75 −277.5 7.796
Model q psi0 v0 ra rck2
1 1.11 −473.0 14.61 2.458 13.39
2 1.11 −506.4 14.31 4.418 356.3
3 1.11 −494.6 14.97 642.5 1.3 ∗ 1011
Model 1 2 3
∆ 2.6% 18.0% 11.8%
The fit procedures were done for the density distri-
butions at the equatorial plane of the galaxy, i.e. for
z = 0. By these two fits we have gotten 5 parameters
for mkkd95 NEMO modelling listed in the table 4. In
the same way the visible and DM density distributions
were fitted for models 2 and 3.
The parameters taken from the fit procedures (table 4)
are the initial parameters for the NEMO-modelling. We
can also see a variable ∆ in the table 4 which is the
violation of the virial theorem at the initial point of the
numerical falcON evolution of the constructed galaxy
models, namely, ∆ = −(2T/W ) − 1, where T is the
kinetic energy and W < 0 is the potential energy of the
system.
3.2. AGAMA modelling
The AGAMA code developed by Vasiliev (2018) is
able to form an orbit-based model from some specific
and common patterns of densities and DFs.
For the DM halo we use the Spheroid AGAMA com-
ponent of the following form:
ρ(r¯) = ρ0
( r¯
a
)−γ [
1 +
( r¯
a
)−α] γ−βα
exp
[
−
(
r¯
rcut
)ξ]
,
r¯ =
√
x2 + (y/p)2 + (z/q)2 . (17)
Far from the rcut radius the above form coincides with
the DM profile (eq. 4) when


γAGAMA = −αHayashi ,
αAGAMA = 2 ,
βAGAMA = 3 ,
and


ρ0 = ρ0Hayashi ,
q = QHayashi ,
a = bhalo ,
p = 1.0 .
(18)
For all models we set βAGAMA = 3. Almost all of them
have αAGAMA = 2 except the model 4 (see table 5).
Table 5. Parameters for AGAMA DM component.
density scale alpha, axis
Model Norm Radius gamma RatioZ
5 87.1 0.617 2.0, 0.22 1.11
6 87.1 0.617 2.0, 0.22 1.11
7 86.0 0.991 2.0, 0.0 0.38
mass
4 1645.0 0.617 1.0, 0.22 1.11
As for the rcut and ξ parameters we use the following
numbers for all our AGAMA models:
rcut = 55, ξ = 2.5 . (19)
The visible component is set either by Plummer or
King density profile. To construct the Plummer com-
ponent by the AGAMA code we need the parame-
ters bp ≡ scaleRadius, q ≡ axisRatioZ = 1.11,
axisRatioY = 1.0, and mass for the total component
mass parameter. Taking into account the formulas B34
from Appendix we can estimate this mass from the Mp
parameter:
Mstars = qMp. (20)
For the King component we need mass,
scaleRadius ≡ rc, and W0 = [Φ(rt) − Φ(0)]/σ2. The
latter is the dimensionless potential depth of the gener-
alized King (lowered isothermal) models (see AGAMA
documentation).
We have gotten four AGAMA models. Models 4 and 6
rely on the cusped DM density profile as Hayashi et al.
(2016). Models 2 and 7 assume the cored DM density
profile as Hayashi & Chiba (2015).
The first AGAMA model, having 4 in our numera-
tion, assumes the Plummer visible density profile. For
the mass parameter we have taken the Mp = 20.0
parameter (see table 6) from (Hayashi et al. 2016).
Here we use the velocity anisotropy β = −0.17 from
Table 6. Parameters for AGAMA visible component.
Plummer visible components
Model scaleRadius axisRatioZ
4,6,7 0.668 0.659692
Model mass kin. constraints
4 20.0 beta= −0.17
6 13.19 icbeta= 0.47,ickappa= 1.0
7 14.0 icbeta= −0.17,ickappa= 1.0
King Visible component
Model W0 scaleRadius mass beta
5 1.786 0.753 12.13 −0.17
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Figure 3. Evolution of the virial ratio
One time unit corresponds to 0.47 Gyr (see eq. 5).
NEMO and AGAMA models are depicted all together.
AGAMA lines merge to one multicolored curve after about
10 time units. In contrast to NEMO models, there
is no sense to follow the AGAMA evolution further.
0 10 20 30 40 50
1.
00
1.
05
1.
10
1.
15
time
−
2T
/W
model №1
model №2
model №3
model №4
model №5
model №6
model №7
Virial ratio
Table 7. Violation of the virial theorem at the starting point
of the numerical falcON evolution.
Model 1 2 3
∆ 2.6% 18.0% 11.8%
Model 4 5 6 7
∆ 0.15% 0.35% 0.29% 0.10%
(Hayashi & Chiba 2015) for this component. The DM
profile is as cusped as the one in (Hayashi et al. 2016),
but αAGAMA = 1.0. The second AGAMA model 5 as-
sumes the visible density King profile with the velocity
anisotropy β = −0.17. The characteristic radius and
density for the halo components are from Hayashi et al.
(2016) but the profile is cored. The third AGAMA
model 6 employs the Plummer visible density profile and
more appropriate velocity anisotropy parameters for the
model of Hayashi et al. (2016) and the same parameters
for the DM component. Our last AGAMA model 7 has
the exact Plummer visible density profile, its velocity
anisotropy parameters, and the DM component param-
eters are the same as in Hayashi & Chiba (2015).
4. RESULTS
Table 7 and figure 3 demonstrate that the AGAMA
code produces the systems which are in much better
equilibrium than the ones from mkkd95 code. The fal-
cON code computes the virial ratio for each step of sys-
tem evolution. The values of this ratio for all our models
Figure 4. Detailed virial ratio evolution for 1 time unit
interval (0.47 Gyr) for models 1–3.
Three straight lines fitting the points in the interval
0.0 < t < 0.3 are depicted. The tangents of the
slopes of these lines are printed in the figure legend.
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over the time evolution steps are depicted in the figure 3.
We can see that the AGAMA values ∆ for the violation
of the virial theorem (models 4–7) are negligible in com-
parison to the ones for NEMO models.
For all types of models we can see the relaxation to
equilibrium sooner or later. After that we can observe
the fluctuations near the point of equilibrium which is
very close to the value ∆ = 0.0 (i.e. −2T/W = 1.0).
4.1. NEMO modelling
For the mkkd95 NEMO modeling the most equilib-
rium system was provided by the model 1 with the small-
est ∆. It was the model for testing our potential formu-
las in the approximation of α = 0, i.e. the cored DM
profile. It becomes the least variable among the mkkd95
models during the falcON evolution. In the figure 4 we
can see the virial ratio changing over time in more detail
for the interval t < 1.0 time unit.
The W.Dehnen manipulators for the N-body galaxy
snapshot files are able to calculate the profiles of differ-
ent physical quantities either over the spherical radius
or projected onto the line-of-site. In the figure 5 we
can see the the evolutions of modeled surface density
profiles of the visible and DM components and the ini-
tial analytical profiles. As an example for the model 3,
there are several analytical profiles of the surface den-
sity along different axes and the averaged surface den-
sity. For other NEMO-models this profile is an averaged
surface density one.
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Figure 5. Surface density evolution of components for NEMO models
And for model 3 we also found the best-fit parameters
of the King distribution for time t = 0.4 modelled pro-
file. The fitting dash-dotted line is hidden by orange,
red and brown symbols standing for t = 0.3, t = 0.4
and t = 10 density profiles. The parameters for the line
are included in the legend for this model panel of the
figure 5.
For the model 1 (in the top-left panel of Figure 5) the
stellar density distribution slightly falls down at the first
evolution steps and then fluctuates about its equilibrium
position. For the models 2 and 3 (in the top-middle and
-right panels of Figure 4) we can see the stellar surface
density profile falling a factor of two faster than that of
the first model at the same moments of time.
Figures 3 and 4 demonstrate a steep slope of the virial
ratio curves for times t < 0.3. The tangents k of the
slope of straight lines, fitting the points at the beginning
of the evolution for these curves, are given in the legend
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Figure 6. NEMO models velocity dispersion χ2. Horizontal
lines are the mean values of χ2 for times t ≥ 0.35 for each
model.
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χ2(t ≥ 0.35) = 395.2
χ2(t ≥ 0.35) = 276.0
χ2(t ≥ 0.35) = 83.5
in the figure 4. We can see that for the model 1 this
value is half of that for other NEMO models.
It seems that mkkd95 proposals about position and
velocity distribution of components with the cusped
DM distribution are not able to model such quasi-
equilibrium system as for the model 1. FalcON evolution
swiftly leads the system to quasi-equilibrium state.
Earlier than t ∼ 10.0 the virial ratio does not reach its
equilibrium value (figure 3) but the less is the violation
∆ the less fluctuations of density profiles over time we
could see.
In the bottom panels on Figure 5, we can see smaller
relative drop of the surface density during the first evolu-
tion steps in comparison with the visible density profiles.
In order to compare with the mean surface density
of a dark halo within a radius of the maximum circu-
lar velocity defined in the equation (1) of Hayashi et al.
(2017) we compute mean surface density as a function
of radius for our models:
ΣDM (r) ≡ M(r)
pir2
=
V 2circ
pir
, V 2circ ≡
M(r)
r
, (21)
where M(r) is the halo enclosed mass within sphere of
radius r, and Vcirc is the circular velocity of a dark
halo. The bottom panels of figure 5 show this mean
surface density profiles. The vertical lines show radii
of the maximum circular velocities of dark haloes for
the initial state of models (t = 0). These values are
printed on the panels. And the horizontal lines show
the 1σ confidence intervals for the mean surface den-
sity within the radii of the maximum circular velocities,
Figure 7. NEMO models setting of χ2-values equilibrium.
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ΣVmax from Hayashi et al. (2017). Our ΣVmax ’s for t = 0
are intersections of the vertical lines and the blue circle
points. They all are inside this error bar.
We can compare modelled velocity dispersion pro-
jected onto the line-of-sight profiles and their falcON
evolution directly to the observational velocity disper-
sion points. We need to multiply projprof W.Dehnen
manipulator velocity data by Vscale = 2.079 in order to
convert
√
106M⊙/kpc velocity units to km/s.
We use χ2 test to compare our models:
χ2 =
N∑
i=1
(σl(Robs
i)− (σobsi))2
(δσobs
i)
2 , (22)
where σl(Robs
i) are mean modelled velocity dispersions
projected to the line-of-sight over the modelled star
points spaced Robs
i apart the line-of-sight axe, σobs
i are
the observational velocity dispersions at Robs
i radii and
δσobs
i are observational errors.
We do not perform the fitting procedure for minimiz-
ing χ2 by varying parameters because each set of the pa-
rameters stands for one 106 particles N-body simulation
so fitting procedure would take too many computational
resources. That is why we use hydrodynamical parame-
ters to start our modelling. In the figure 6 variations of
the χ2 values over time are depicted.
We can see how the χ2 moves towards it’s equilibrium
value for each of our NEMO models for times t < 4 in
the figure 7.
This equilibrium values of χ2 can be estimated as the
mean values for times about t ≥ 0.35 and are depicted
as horizontal lines in the figure 6.
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Figure 8. NEMO modeled vs observed stars velocity dispersion profiles
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Figure 9. Evolution of the virial ratio for AGAMA models
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The estimations are included in the legend on the fig-
ure 6. We choose this time interval for averaging of χ2
because the slope of the virial ratio curve becomes not
so steep as the initial one and by the time t ∼ 0.35 the
values of χ2 stop their initial steep declining. The best
χ2 is for model 3.
Figure 8 represents the velocity dispersion projected
to the line-of-sight profiles for several evolution time
points of the falcON in comparison to the observational
data with error bars. The blue circles represent data
measured along the major galaxy axis, the red triangles
represent data measured along the minor axis, and the
green crosses represent data measured along the middle
axis.
The most equilibrium model 1 with the smallest start
deviation ∆ among our NEMO models shows worse
agreement with the kinematic observational data. And
the best one gives model 3 which equilibrium stars den-
sity profile has more deviations from its initial form than
for other models. But we are to take into account that
kinematic data are more accurate than estimations of
the stars density. The model 3 has the best agreement
with the data among our NEMO models.
4.2. AGAMA modelling
Let us consider in detail the equilibrium characteris-
tics of our AGAMA models. Their virial ratio evolution
is depicted in the figure 9. We can see that the ab-
solute magnitude of ∆ start values are not greater than
their following evolution values in contrast to our NEMO
models. But the sign of violation for all our N-body sys-
tems starts from positive one tending to negative value
Figure 10. Equilibrium establishing of the virial ratio for
AGAMA models
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during the first time interval of the evolution, see fig-
ure 10. In terms of equilibrium all our AGAMA models
are equally good, but for the best one we can choose
model 4 (orange lines in the figures), because these lines
are closer to the virial ratio −2T/W = 1.
The AGAMA modeled visible and DM surface den-
sity profiles are depicted in the figure 11. We can see
the decrease of stellar surface density profile for the equi-
librium establishing time interval. And such decreasing
in the central part of the galaxy is less than that for the
models 2 and 3 and not greater than for the model 1.
But in contrast to this model the changing of density
profiles over time for the AGAMA systems is noticeable
only at the central part of the galaxy with r . 0.25 kpc.
For the NEMO models the radius of noticeable change
of the surface density profile is not less than 0.5 kpc.
We cannot notice any dependence on the tangent an-
gle of the virial ratio evolution for the surface density
central drop in contrast to the NEMO systems. Proba-
bly the reason is that the start value of the virial ratio
is not so far from the equilibrium one and the central
density drop is not so essential.
For the models 4, 6, 7 we depicted the averaged Plum-
mer surface density profiles taking into account our start
parameters (different Mp, the same bp) as black lines.
For the model 5 we found Σ0, rc, rt King profile pa-
rameters that fit well the start surface density profile
with the initial W0, scaleRadius and mass AGAMA
parameters. They are shown on the panel for this model
in the figure 11.
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Figure 11. Surface density evolution of components for AGAMA models
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Figure 12. AGAMA models χ2 velocity dispersion.
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For the NEMO models the radius of noticeable change
of the surface density profile is not less than 0.5 kpc.
We cannot notice any dependence on the tangent an-
gle of the virial ratio evolution for the surface density
central drop in contrast to the NEMO systems. Proba-
bly the reason is that the start value of the virial ratio
is not so far from the equilibrium one and the central
density drop is not so essential.
For the models 4, 6, 7 we depicted the averaged Plum-
mer surface density profiles taking into account our start
parameters (different Mp, the same bp) as black lines.
For the model 5 we found Σ0, rc, rt King profile pa-
rameters that fit well the start surface density profile
with the initial W0, scaleRadius and mass AGAMA
parameters. They are shown on the panel for this model
in the figure 11.
The second row of figure 11 is shown by the DM sur-
face density profiles. All the initial profiles almost coin-
side with the analytical profiles taking our initial param-
eters.
The model 4 has αAGAMA = 1.0 which makes dif-
ference of this DM profile from that of Hayashi et al.
(2016). We can also see small evolution changes of these
profiles, almost negligible for the models 4 and 6. The
greatest change for the model 5 is less than the smallest
one for our NEMO models.
In the third row of the figure 11 the mean surface den-
sity profiles of the modelled dark haloes are depicted.
Vertical lines are radii of the maximum circular veloci-
ties of dark haloes for t = 0 same as in the third row of
the figure 5.
Figure 13. AGAMA models χ2 equilibrium setting.
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The model 6 with the exact Hayashi et al. (2016) DM
and visible parameters has yielded ΣVmax near the up-
per edge of the given error bar. And the same ρ0
and bhalo but the core-profile α = 0.0 as DM param-
eters for the model 5 have yielded ΣVmax almost at the
centre of the error bar. The value of ΣVmax for the
model 7 with Hayashi & Chiba (2015) DM and visible
parameters is near the lower edge of the error bar. For
the model 4 our start parameters are much different
from the Hayashi & Chiba (2015) and Hayashi & Chiba
(2015) models so our ΣVmax lies lower the Hayashi et al.
(2017) error bar.
The model 6 has almost the same initial param-
eters as the NEMO-model 3 which coincides with
the Hayashi et al. (2016) parameters. The model 6 is
less alterable than corresponding NEMO-model but the
ensuing evolution curves of the model 3 intersect more
data error bars than those of the AGAMA model.
Let us look at the evolution of the χ2 values for the
models 4–7 in the figure 12 in order to compare their
accordance with the data. In the figure 13 we can see
the initial steps of the χ2 evolution. The setting of equi-
librium is completed by the time t = 0.2 (see vertical
line) for the models 4 and 6 and is not resolved for the
models 5 and 6. So in the figures 12 and 13 the lines
for the mean values of χ2 after t = 0.2 are depicted.
We find that the best model with the lowerest χ2 is the
model 5 with the core DM density profile and the King
best-fit stellar component parameters.
The mean equilibrium χ2 value for the NEMOmodel 3
is less than that of the AGAMA model 6. The model 7
with the earlier Hayashi & Chiba (2015) parameters is
14 G. Shchelkanova et al.
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Figure 14. AGAMA modeled vs observed stars velocity dispersion profiles
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Table 8. King best-fit parameters vs obervations.
Fitted to observation structural parameters
from Battaglia et al. (2006) – observed 1;
Irwin & Hatzidimitriou (1995) – observed 2.
Σ0, L⊙/pc
2 rc, kpc rt, kpc
observed 1 15.7± 5.1 0.75± 0.01 2.95± 0.02
observed 2 15.7± 5.1 0.58± 0.05 3.04± 0.17
model 3 9.7 0.69 1.9
model 5 11.0 0.53 1.66
also better than the model 6 with the Hayashi et al.
(2016) parameters.
Among these four models the worst χ2 is for
the model 6 with α = −0.22 and icbeta= 0.47.
The other model with α = −0.22 slightly differs
from Hayashi et al. (2016) DM profile (αAGAMA = 1.0)
and has beta= −0.17. It seems that this galaxy shows
better cored DM profile.
Among the multitude of our other models we can say
that exact Hayashi et al. (2016) profile is better with
icbeta= 0.47 velocity anisotropy parameter and α = 0.0
or αAGAMA = 1.0 DM profiles are better with icbeta=
−0.17 or beta= −0.17 parameters.
In the figure 14 we can see that the AGAMA models
are compliant with the observational data with different
form of curves. Notation of the points is the same as in
the figure 8.
Let us compare the best NEMO and AGAMA models
stellar component equilibrium profiles. The King pa-
rameters for them are listed in the table 8. We can see
that for both models Σ0 is on the bottom edge of the
observed error bar or a bit lower. The structural param-
eters are closer to the Battaglia et al. (2006) data.
5. CONCLUSION
We have constructed the N-body models by two
source codes for the Fornax galaxy from the previous
(Hayashi & Chiba 2015) and (Hayashi et al. 2016) hy-
drodynamical studies and followed their numerical evo-
lution during several dynamical times. We found all the
models rather stable and traced the relaxation process
for different parameters. We also found our DM start
and evolving surface density parameters in agreement
with the Hayashi et al. (2017) studies. Our models also
do show agreement with the velocity dispersion data.
The best one is for the AGAMA models. Better DM
profiles are cored profiles. The velocity anisotropy pa-
rameter for the stellar component also shows some cor-
relations with the DM profile characteristics. The best
stellar profile is the King profile. We choose this model
in favour of the best agreement with the velocity dis-
persion data than with the luminosity data because the
velocity dispersion observations are more precise then
the luminosity ones. We find that the Hayashi & Chiba
(2015) oblate DM profile Fornax model shows better
agreement with the data than the Hayashi et al. (2016)
prolate one with the same stellar density profile. Fol-
lowing the Hayashi & Chiba (2015) we can see two sets
of parameters, one for the Full Data Sample and the
other estimated from data within the half-light radius.
The last set (within the half-light radius) is closer to
the prolate DM model but the first one shows better
agreement with the data than the prolate halo does.
Using N-body simulation results, one can confine the
prior distributions of dark matter halo parameters such
as scale radius and scale density. Based on observational
results (such as Jeans analysis by Hayashi et al. 2016)
our analysis, applied to other dwarf galaxies, can obtain
the limits on the parameter ranges of the dark matter
halo which sustain dynamical equilibrium. Therefore,
using the confined parameter ranges, we may improve
the limits on the nature of DM particle through its an-
nihilation Ando et al. (2020).
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APPENDIX
A. KING DISTRIBUTION
Let us consider the King distribution King (1962) written by the formulas 1 and replace rt with the parameters A
and t:
ρKing(r) =


ρb
(
1√
1+(r/rc)2
−A
)2
, r ≤ rt , A = 1√1+t2 , t =
rt
rc
;
0, r > rt .
(A1)
(A2)
For the potential of the spherical distribution ρ(r) we can write:
ΦK(r) = −4piG
(
1
r
∫ r
0
ρKing(r¯)r¯
2dr¯ +
∫ ∞
r
ρKing(r¯)r¯dr¯
)
. (A3)
A.1. Central surface density of the King’s distribution
Now we shall express characteristic density ρb in terms of observed quantities rc, t and Σ0 – central surface density
of the Fornax galaxy. Then we are to find the expression of Σ0 for the King’s distribution:
Σ0 = 2
∫ rt
0
ρKing(r)dr = 2ρbrc
∫ t
0
(
1√
1 + x2
−A
)2
dx = 2ρbrcs0(t). (A4)
For the function s0(t) we can write:
s0(t) =
∫ t
0
(
1√
1 + x2
− 1√
1 + t2
)2
dx = arctan t− 2 log
(
t+
√
t2 + 1
)
√
t2 + 1
+
t
t2 + 1
. (A5)
And for the characteristic density ρb expressed in terms of rc, t,Σ0 we get:
ρb =
Σ0
2rcs0(t)
. (A6)
A.2. Central potential of the King’s distribution
For the central potential of the King distribution we are to take the second term of the formulas (A3):
ΦK(0) = −4piGρbrc2 1
2
∫ t2
0
(
1√
1 + x
−A
)2
dx = −4piGρbrc2F0(t) . (A7)
Then the integral F0(t), t =
rt
rc
will be:
F0(t) =
1
2
log
(
1 + t2
)
+
2√
1 + t2
− 1
2(t2 + 1)
− 3
2
. (A8)
A.3. Terminal potential of the King’s distribution
Then we are interested in the potential at rt:
ΦK(rt) = −4piGρbrc2 rc
rt
∫ t
0
(
1√
1 + x2
−A
)2
x2dx = −4piGρbrc2Ft(t) . (A9)
Let us take the integral Ft(t), t =
rt
rc
:
Ft(t) =
1
t
(
x− arctanx+ x
3
3(1 + t2)
) ∣∣∣∣
t
0
− 2A
t
∫ t
0
x2dx√
1 + x2
= 1− arctan t
t
+
1
3
− 1
3(1 + t2)
− 2A
t
S(t) . (A10)
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Figure 15. Central vs terminal potentials of the King’s distribution
2 4 6 8 10
2.
5
3.
0
3.
5
4.
0
4.
5
t = rt rc
Φ
0
Φ
t
Ratio of the potentials 
of the visual component Φ(0) at r = 0 and Φ(rt) at r = rt
Now we shall take the integral S(t) changing variable x = tanu:
S(t) =
∫ arctan t
0
(
sec3 u− secu) du . (A11)
For integral
∫
sec3 udu we can write: ∫
sec3 udu =
1
2
secu tanu+
1
2
∫
secudu . (A12)
Than for S(t) we can get:
S(t) =
1
2
secu tanu
∣∣∣∣
arctan t
0
− 1
2
∫ arctan t
0
secudu. (A13)
Changing the variable s = tanu+ secu we have:
∫ arctan t
0
secudu =
∫ t+√t2+1
1
ds
s
= log
(
t+
√
t2 + 1
)
, (A14)
and then for S(t):
S(t)= 12 t
√
t2 + 1− 12 log
(
t+
√
t2 + 1
)
. (A15)
Than for the integral F (t) we can write:
Ft(t) =
log
(
t+
√
t2 + 1
)
t
√
t2 + 1
+
1
3
− 1
3(1 + t2)
− arctan t
t
, (A16)
and for the terminal potential Φt(t) in terms of t =
rt
rc
we have:
ΦK(rt) = −4piGρbrc2Ft(t) . (A17)
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A.4. Radial profile of the King’s potential
Let us find the potential ΦK of this distribution at arbitrary radius r. From equation (A3) we can write:
ΦK(r) = −4piGρbrc2 (Fbt(b) + Fb0(b)) , b = r
rc
. (A18)
Looking at the equation (A10) we can write down the function Fbt(b) :
Fbt(b) =
1
b
(
b− arctan b+ b
3
3(1 + t2)
)
− 1√
1 + t2
(√
1 + b2 − log
(
b+
√
1 + b2
)
b
)
. (A19)
And similarly to the equation (A8) we can write down the function Fb0(b) :
Fb0(b) =
1
2
log
(
1 + t2
1 + b2
)
+
2
√
1 + b2
1 + t2
− 1 + b
2
2(1 + t2)
− 3
2
. (A20)
And the sum of these two functions is:
Fbt(b) + Fb0(b) =
log
(
b+
√
1 + b2
)
b
√
1 + t2
+ log
√
1 + t2
1 + b2
− arctan b
b
− 1
2
+
√
1 + b2
1 + t2
− b
2 + 3
6(1 + t2)
. (A21)
B. GRAVITATIONAL POTENTIAL FROM AXISYMMETRIC DENSITY DISTRIBUTION (OBLATE
SYSTEMS)
Let us consider gravitational system with equidensity axisymmetric ellipsoids of ellipticity e and axial ratio Q. Then
for our parameter we take m, so, that for cylindrical coordinates of equidensity ellipsoid (R, z) we have equation:
m2 = R2 + z2/Q2, (B22)
Q2 = 1− e2. (B23)
Then we can define density as a function of m, ρ(m), and define function Ψ(m) as:
Ψ(m) =
∫ m
0
ρ(m¯2)d(m¯2). (B24)
Then, as Binney & Tremaine (2008) state, we have a formula for the gravitational potential Φ(R0, z0) of such systems:
Φ(R0, z0) = −2piG
√
1− e2
e
(
Ψ(∞) arcsin(e)− a0e
2
∫ ∞
0
Ψ(m)dτ
(τ + a02)
√
τ + b0
2
)
, (B25)
where τ is defined by the equation:
R0
2
τ + a02
+
z0
2
τ + b0
2 =
m2
a02
, b0 = Qa0. (B26)
Let us write down central gravitational potential – the value of function Φ(0, 0) in terms of Q instead of e:
Φ(0, 0) = −2piG Q√
1−Q2
Ψ(∞) arccos(Q) , (B27)
and the rise of the potential over its central value:
Φ(R0, z0)− Φ(0, 0) = piGQa0
∫ ∞
0
Ψ(m)dτ
(τ + a02)
√
τ + b0
2
. (B28)
And now let us find central gravitational potential for oblate systems with small eccentricity e taking a Taylor series
expansion for the first term of equation (B25):
Φ(0, 0) = −2piGΨ(∞)
√
1− e2
e
arcsin e =
= −2piGΨ(∞)1
e
(
1− 1
2
e2 + o
(
e2
))(
e+
1
6
e3 + o
(
e4
))
= −2piGΨ(∞)
(
1− 1
3
e2 + o
(
e2
))
. (B29)
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B.1. Plummer potential distribution at the equatorial plane
Let’s find potential of the prolate Plummer distribution (2):
 ρPlummer(R, z) = ρp(m⋆) =
3Mp
4πbp3
[
1 + m⋆
2
bp2
]−5/2
,
m⋆
2 = R2 + z
2
q2 ,
with the oblateness q and ellipticity e =
√
1− q2. Then the function Ψ from (B24) for this profile will be:
Ψ(m) =
Mp
2pibp

1− 1(
1 +m2/bp
2
)3/2

 . (B30)
Let’s find the potential distribution at the equatorial plane for z0 = 0 using formula (B25):
Φ(R0, 0.0) = −GMpq
ebp
(
arcsin e− pi
2
+ arctan
q
e
+
∫ ∞
q
e
√
x2 + 1
(x2 + 1 + k)3/2
)
, k =
R0
2
e2bp
2 . (B31)
We can rewrite it as:
Φ(R0, 0.0) = − MpGq
bp
√
1− q2
×
(
x
(k + 1)
3/2
F1
(
1
2
;−1
2
;
3
2
;
3
2
;−x2;− x
2
k + 1
))∣∣∣∣∣
∞
q/e
, (B32)
where F1 is Gauss hypergeometric function.
B.2. Plummer mass for the prolate system
In order to calculate the mass of such a system we shall use formulas for mass of a thin homeoid between ellipsoids
with oblateness q and equatorial radii m and m+ dm from Binney & Tremaine (2008):
δM = 4piρ(m⋆)m⋆
2qdm . (B33)
Then the mass inside such an ellipsoid will be equal to:
M(m⋆) = 4piq
∫ m⋆
0
ρ(m˜)m˜2dm˜ = qMp
m3
(bp
2 +m2)3/2
. (B34)
B.3. Spherical Plummer potential
For the spherical Plummer distribution we have e = 0.0, q = 1.0. Than the potential at the point r is the sum of
potentials of inner and outer sphere shells:
Φ(r) = −4piG
(
1
r
∫ r
0
ρ(r˜)r˜2dr˜ +
∫ ∞
r
ρ(r˜)r˜dr˜
)
. (B35)
Then we can write the potential as:
Φ(r) = −3GMp
(∫ r/bp
0
s2
(1 + s2)5/2
ds+
∫ ∞
r/bp
s
(1 + s2)5/2
ds
)
= −GMp 1√
x2 + 1
, x =
r
bp
. (B36)
B.4. Zhao density distribution with one parameter
Let us consider Hayashi et al. (2016) density distribution of the DM halo. More common form of such a DM profile
we can find at Zhao (1996). We shall rewrite the function ρ(m) from equation (4) in terms of variable p = m/bhalo:
ρ(p) = ρ0p
α(1 + p2)−(α+3)/2 , p =
m
bhalo
, p˜ =
m¯
bhalo
; (B37)
and calculate function Ψ(m) for our density distribution:
Ψ(m) = ρ0bhalo
2
∫ m
b
halo
0
p˜α(1 + p˜2)−(α+3)/2d(p˜2) =
ρ0bhalo
2
α
2 + 1
p˜α+22F1(
α
2
+ 1,
α
2
+ 1.5,
α
2
+ 2,−p˜2)
∣∣∣∣
m
b
halo
0
, (B38)
where 2F1(a, b, c, z) is Gauss hypergeometric function.
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B.5. Cored distribution
Now we shall consider a particular case for α = 0. It’s the cored distribution without any cusp and this case is the
nearest for Fornax (α = −0.22+0.14−0.22) and Sculptor (α = −0.32+0.20−0.26) galaxies. Then the DM distribution (4) can be
written down as:
ρ(m) =
ρ0[
1 + (m/bhalo)
2
] 3
2
. (B39)
For the spherical case (Q = 1) this distribution turns into the modified Hubble distribution for galactic bulges.
Then the function Ψ(m) can be calculated in a simpler way:
Ψ(m) = −2ρ0bhalo2
(
bhalo√
m2 + bhalo
2
− 1
)
, Ψ(∞) = 2ρ0bhalo2 ,Ψ(0) = 0 . (B40)
Then for central gravitational potential Φ(0, 0) we can write:
Φ(0, 0) = −4piGρ0bhalo2
Q√
1−Q2
arccosQ, (B41)
and for increasing the potential Φ(R0, z0) over its central value we have
Φ(R0, z0)− Φ(0, 0) = −2piGQρ0bhalo2a0
∫ ∞
0
dτ
(τ + a02)
√
τ + b0
2
(
bhalo√
m2 + bhalo
2
− 1
)
. (B42)
We need this value for defining RK - the King radius, at which the potential rises by σ0 – central velocity dispersion,
over the potential’s central value. We are interested in the value of the potential on the central plate of the galaxy, so
we can set R0 = RK, z0 = 0 and rewrite the condition for the τ variable:
RK
2
τ + a02
=
m2
a02
⇒ τ + a02 = RK
2a0
2
bhalo
2
1
p2
(B43)
(τ + b0
2) =
a0
2
p2
(
RK
2
bhalo
2 − p2(1−Q2)
)
, (B44)
and change variable for integral (B42):
Φ(RK , 0)− Φ(0, 0) = 4piGρ0bhalo2Qrck ∗
∫ 1
r
ck
0
dp√
1− p2rck2(1−Q2)
(
1− 1√
p2 + 1
)
=
= 4piGρ0bhalo
2IK ,
RK
bhalo
≡ 1
rck
. (B45)
Then for IK we can rewrite the integral:
IK = Q
∫ 1
0
(
1− rck√
x2 + rck2
)
dx√
1− x2e2 , x = rckp . (B46)
B.6. Cored systems with small eccentricity
Let us take the integral (B46) for almost spherical systems with small eccentricity e. For such cases we shall take a
Taylor series expansion of IK as the function of e:
IK = Q
∫ 1
0
(
1− rck√
x2 + rck2
)(
1 +
1
2
e2x2 + o(e2x2)
)
dx =
Q
(
1− rck log
1 +
√
rck2 + 1
rck
)
+Qe2
(
1
6
+
rck
4
√
rck2 + 1−
rck
3
4
log
1 +
√
rck2 + 1
rck
)
+ o(e2). (B47)
Than we shall write down central gravitational potential Φ for small eccentricity e taking into account the formu-
las (B29) for general case of ρ distribution and the value of Φ(∞) from (B40):
Φ(0, 0) = −4piGρ0bhalo2
(
1− 1
3
e2 + o
(
e2
))
(B48)
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B.7. Spherical case – modified Hubble distribution
Let us consider the spherical case, Q = 1. And for the central gravitational potential we can write:
Φ(0, 0) = −4piG
∫ ∞
0
ρ(r˜)r˜dr˜ = −2piGΨ(∞) , (B49)
where m ≡ r˜ and Ψ is the same as in equation (B24).
For our cored distribution the formulas (B39) turns into the modified Hubble distribution. Then the first integral
is:
ρ0
∫ r
0
r˜2dr˜(
1 + r˜
2
bhalo2
) 3
2
= ρ0bhalo
3
(
log
(
r
bhalo
+
√
r2
bhalo
2 + 1
)
− r√
r2 + b2halo
)
, (B50)
and the second integral is:
ρ0
∫ ∞
r
r˜dr˜(
1 + r˜
2
bhalo2
) 3
2
= ρ0bhalo
2 1√
1 + r
2
bhalo2
. (B51)
The potential for the spherical gravitational systems with the modified Hubble DM density distribution can be written
down as:
Φ(r) = −4piGρ0bhalo2
log
(
r
bhalo
+
√
r2
bhalo2
+ 1
)
r/bhalo
. (B52)
In order to find the value of the potential at the center of our spheroidal system we are to take a Taylor series expansion
of function Φ near the zero point:
Φ(x) = −4piGρ0bhalo2
log
(√
x2 + 1+ x
)
x
= −4piGρ0bhalo2
(
1 + o(x2)
)
, x =
r
bhalo
, (B53)
Φ(0) = −4piGρ0bhalo2 . (B54)
The rise of the potential over its central value at the Rk point is:
Φ(r) − Φ(0) = 4piGρ0bhalo2
(
1− rck log 1 +
√
rck2 + 1
rck
)
. (B55)
(B56)
We can see that limits of the integral IK and central potential Φ(0, 0) for the systems with small eccentricity from
equations (B47) and (B48) coincide with the expressions from (B55) and (B53) at e→ 0.
C. POTENTIAL OF A THIN PROLATE ELLIPSOIDAL SHELL
Let us derive analogue of formulas (B25) for prolate systems, e.i. equidensity axisymmetric ellipsoids with axial
ratio Q > 1. First we shall examine a thin prolate ellipsoidal shell and than summarise the contribution of such shells
into the total potential. By the definition the axial ratio of the shell is Q and it has a coordinate m, denoting the shell
coordinates R⋆, z⋆ as in equation (B22):
R⋆
2 +
z⋆
2
Q2
= m2 (C57)
Let us define the prolate coordinates as in problem 2.5 of Chapter 2 Binney & Tremaine (2008)
R = a sinhu sin v, z = a coshu cos v , φ – azimuthal angle . (C58)
For comparison the oblate coordinates for Q < 1 are: R = a coshu sin v, z = a sinhu cos v, φ – the same azimuthal
angle.
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For our coordinates we can express sin v and cos v from (C58) and use the trigonometrical identical equation:
R2
sinh2 u
+
z2
cosh2 u
= a2 . (C59)
We are defining our prolate coordinates so, that one of the ellipsoids with u = const coincide with our thin shell that
generates gravitation potential δΦ. Let us denote coordinate for this shell as u⋆. Than comparing equations (C58)
and (C59) for R⋆, z⋆, u⋆ we can write for a and u⋆:
cothu⋆ = Q, a = m cscu⋆ = m
√
Q2 − 1 . (C60)
All our ellipsoids with u = const are confocal with the focus a = m
√
Q2 − 1. We can see that our coordinates are
suitable for Q > 1, because cothu⋆ > 1 for all positive u⋆. And for oblate coordinates it will be tanhu⋆ = Q < 1 for
all positive u⋆.
In order to find the potential δΦ we are to solve the equation ∇2δΦ = 0. We shall find the expression for ∇2δΦ in
our prolate coordinates. Now we are varying in turn coordinates u, v, φ and moving along orthogonal vectors eˆu, eˆv, eˆφ
by the distances huδu, hvδv,hφδφ:
hu = a
√
cosh2 u sin2 v + sinh2 u cos2 v , hv = a
√
cosh2 u sin2 v + sinh2 u cos2 v , hφ = R = a sinhu sin v . (C61)
After some transformations we have for hu, hv:
hu = hv = a
√
cosh2 u− cos2 v . (C62)
For comparison we can write down the coefficients for oblate systems in oblate coordinates: hu = hv =
a
√
sinh2 u+ cos2 v, hφ = a coshu sin v. Following the equation for gradient:
∇ = eˆi
hi
∂
∂qi
, q1 = u, q2 = v, q3 = φ. (C63)
we shall write down the gradient of potential δΦ:
∇ (δΦ) = 1
a
√
cosh2 u− cos2 v
(
∂ (δΦ)
∂u
eˆu +
∂ (δΦ)
∂v
eˆv
)
+
1
a sinhu sin v
∂ (δΦ)
∂φ
eˆφ . (C64)
The equation for Laplacian is:
∇2F = 1
h1h2h3
(
∂
∂q1
(
h2h3
h1
∂F
∂q1
)
+
∂
∂q2
(
h3h1
h2
∂F
∂q2
)
+
∂
∂q3
(
h1h2
h3
∂F
∂q3
))
. (C65)
For h1 = h2 and h3 all independent of q3 we can rewrite this equation in the following way:
∇2F = 1
h1
2h3
(
∂
∂q1
(
h3
∂F
∂q1
)
+
∂
∂q2
(
h3
∂F
∂q2
))
+
1
h3
2
∂2F
∂2q3
. (C66)
Then for the Laplacian of function δΦ we can write down:
∇2 (δΦ) = 1
a2(sinh2 u− cos2 v)
(
1
sinhu
∂
∂u
(
sinhu
∂ (δΦ)
∂u
)
+
1
sin v
∂
∂v
(
sin v
∂ (δΦ)
∂v
))
+
1
a2 sinh2 u sin2 v
∂2 (δΦ)
∂2φ
. (C67)
We are interested in the potentials, constant over the φ and v variables, so we can write down:

∂(δΦ)
∂v = 0,
∂(δΦ)
∂φ = 0,
∇2 (δΦ) = 0.
⇒ d
du
(
sinhu
d (δΦ)
du
)
= 0⇔ d (δΦ)
du
=
A
sinhu
, δΦ = A log
(
tanh
u
2
)
+ B . (C68)
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In order to find constants A and B we are to take the limit of function δΦ at the infinite value of variables R and
z, e.i. infinite r =
√
R2 + z2. The limit of the potential of our ellipsoidal shell should be:
lim
r→∞
δΦ = −GδM
r
, (C69)
where δM is the mass of the ellipsoidal shell.
Let us express r in terms of u and v variables:
r2 ≡ R2 + z2 = a2(sinh2 u+ cos2 v) , (C70)
and find sinhu from this expression:
a2 sinh2 u = r2 − a2 cos2 v . (C71)
Now subtracting (C71) from a2 cosh2 u we can use the hypergeometric identical equation:
a2 cosh2 u = r2 + a2 sin2 v . (C72)
Then we shall rewrite tanh
u
2
in terms of r and v, using equation (C72):
log
(
tanh
u
2
)
=
1
2
log
(√
r2 + a2sinv − a√
r2 + a2sinv + a
)
. (C73)
Now we shall take a Taylor series expansion of δΦ for small
a
r
:
δΦ = −Aa
r
+B + o
(a
r
)
, (C74)
To get the limit of δΦ same as in equation (C69) we can write down for constants A and B:
A =
GδM
a
,B = 0 . (C75)
For the points inside our shell the potential is constant and equal to its value on the shell itself. Let us do some
hypertrigonometric transformations to get this value:
log
(
tanh
u⋆
2
)
= log
(
Q−
√
Q2 − 1
)
. (C76)
So, the final result for the potential of thin prolate ellipsoidal shell is:
δΦ =


GδM
m
√
Q2−1
log
(
tanh u2
)
, u > u⋆, outside;
GδM
m
√
Q2−1
log
(
Q−
√
Q2 − 1
)
, u ≤ u⋆, inside.
(C77)
Let us find the mass δM of our shell with the density ρ(m). The semi-axis of the ellipsoid are m and Qm, so the
total volume inside the ellipsoid is:
V =
4
3
pim3Q , (C78)
and the volume δV inside the shell is:
δV 2piQmδ
(
m2
)
. (C79)
Then the mass δm of the shell is:
δM = 2piQρ(m)mδ
(
m2
)
. (C80)
Now we can rewrite the equation (C77) for the potential of thin prolate ellipsoidal shell using the expression for δM :
δΦ =


2piGρ(m) Q√
Q2−1
log
(
tanh u2
)
δ
(
m2
)
, u > u⋆;
2piGρ(m) Q√
Q2−1
log
(
Q−
√
Q2 − 1
)
δ
(
m2
)
, u ≤ u⋆;
(C81)
where u⋆ is the coordinate of the shell and u is the coordinate of the ellipsoid, that is confocal with the thin shell and
passes through the point (R0, z0).
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C.1. Gravitational potential for prolate systems
Now we are ready to summarise the potentials of prolate ellipsoidal shells at the point (R0, z0) to get the total
potential Φ. For each shell we have coordinates m, R⋆, z⋆, u⋆ of the shell itself, which satisfy the equation (C59),
and coordinate of the ellipsoid um on which the point R0, z0 lies, and this ellipsoid is confocal with the shell. So, the
coordinates um, R0, z0 also satisfy the equation (C59):
R0
2
sinh2 um
+
z0
2
cosh2 um
= m2
(
Q2 − 1) (C82)
Our point (R0, z0) lies on the equidensity shell with the coordinate m0. Then the point (R0, z0) lies outside the shell
which coordinate m < m0 and inside the shell which coordinate m > m0. Let us denote as δΦout(m) the contribution
to the total potential Φ of that shells, for which the point (R0, z0) lies outside the shell. Then for such shells our
coordinate um is grater then the shell coordinate u⋆: um > u⋆. The contribution of shells, for which the point (R0, z0)
lies inside the shell will be denoted as δΦin(m). Then for this shells our coordinate um is less then the shell coordinate
u⋆: um < u⋆. And the sum of δΦin(m) is the case u ≤ u⋆ in the formula (C81), and the sum of δΦout(m) is the
case u > u⋆ in that formula. We shall write down the sum of δΦin(m) taking into account the definition of function
Ψ(m) (B24):
∑
m>m0
δΦin(m) = 2piG
Q√
Q2 − 1
(Ψ(∞)−Ψ(m0)) log
(
Q−
√
Q2 − 1
)
. (C83)
The sum of δΦout(m) will be:
∑
m<m0
δΦout(m) = 2piG
Q√
Q2 − 1
(
Ψ(m) log
(
tanh
um
2
) ∣∣∣∣
m0
0
−
∫ m0
0
Ψ(m)d
(
log
(
tanh
um
2
)))
(C84)
Let us rewrite the differential:
d
(
log
(
tanh
um
2
))
=
d coshum
sinh2 um
(C85)
For m = m0 ellipsoid um coincides with the ellipsoid u⋆ and we can write cothum = Q as in the equation (C60).
So we can evalute the coshum =
Q√
Q2−1
for m = m0. And for m = 0 to satisfy the equation (C59) we are to set
cothum = ∞. Summarising equations (C83) and (C84) and taking into account the differential (C85) we can derive
the gravitational potential at the point Φ(R0, z0):
Φ(R0, z0) = 2piG
Q√
Q2 − 1
(
Ψ(∞) log
(
Q−
√
Q2 − 1
)
+
∫ ∞
coshum=
Q√
Q2−1
Ψ(m)
d coshum
sinh2 um

 . (C86)
Let us rewrite the expressions for sinhum, coshum in terms of τ, a0, b0 as for oblate systems in equation (B25):
b0 = Qa0 ; τ + a0
2 = a0
2 sinh2 um
(
Q2 − 1) ⇒ a02 cosh2 um (Q2 − 1) = τ + b02 ,
dτ = 2a0
√
Q2 − 1
√
τ + b0
2d coshum . (C87)
For m = m0 we can write sinhum =
1√
Q2−1
and than τ = 0. For m = 0 and coshum =∞ we can write τ =∞. Then
the rise of the potential over its central value could be write down as:
Φ(R0, z0)− Φ(0, 0) = piGQa0
∫ ∞
0
Ψ(m)
dτ
(τ + a02)
√
τ + b0
2
. (C88)
We can see that the definitions of a0, b0 and the equations (B28) and (C88) for Φ(R0, z0) − Φ(0, 0) are identical for
oblate and prolate systems!
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C.2. Central gravitational potential of prolate systems with small eccentricity
Let us find central gravitational potential for prolate systems with small eccentricity ep =
(
1− (1/Q2))1/2 and
rewrite the first term of equation (C86) in terms of ep:
ep =
√
1− 1
Q2
,Φ(0, 0) = −4piGΨ(∞)
(
1 +
ep
2
3
+ o
(
ep
2
))
(C89)
We can see, that the limit of central gravitational potential at ep → 0 coincides with the spherical case (B49) and has
the symmetrical continuation in the oblate cases (B29). So, with the growth of the elongation of the system we get
the growth of the central potential depth and with the growth of the oblateness of the system we get the decrease of
the central potential depth.
C.3. Cored density distribution for prolate systems
Taking into account the identity of equations for the rise of the gravitational potential over its central value for
oblate and prolate systems we can use formulas from sections B.4, B.5. Than we shall write down the equation for IK
taking into account that e2 = 1−Q2, but e2 is not positive in our case:
rck
2 =
(
bhalo
RK
)2
, IK = Q
∫ 1
0
(
1− rck√
x2 + rck2
)
dx√
1 + x2(Q2 − 1)
, (C90)
(C91)
C.4. Prolate cored systems with small eccentricity
Let us take a Taylor series expansion of IK from (C90) as a function of ep defined in (C89) for prolate cored systems
with small eccentricity:
IK = Q
(
1− rck log
(
1 +
√
rck2 + 1
rck
))
+Qep
2
(
−1
6
+
rck
4
√
rck2 + 1− rck
3
4
log
(
1 +
√
rck2 + 1
rck
))
+ o
(
ep
2
)
.(C92)
As for the value of the central gravitation potential Φ(0, 0) the limit of the rise of gravitational potential got from IK
at ep → 0 coincides with the spherical case (B55) and has the symmetrical continuation in the oblate cases (B47). As
for the central gravitational potential with the growth of the elongation of the system we get the slower rise of the
potential and with the growth of the oblateness of the system we get the faster rise of the potential depth.
